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FIXED POINTS FOR WEAKLY CONTRACTIVE MAPS ON N-NORMED
SPACES

NURCAN BILGILI GUNGOR

ABSTRACT. In 1964 Gahler introduced the theory of 2-normed spaces and then 1989 n-normed
spaces was first defined by Misiak. Then some researcher found new results on n-inner product
spaces and n-metric spaces. In 2001 Gunawan and Mashadi studied converges and completeness
in n-normed spaces and they gave a fixed point theorems for some n-Banach spaces. And in
2014 Kir and Kiziltunc defined phi-contraction map in n-Normed Spaces and proved fixed point
theorems which satisfy phi-contraction. On the other hand,in 1997 Alber and Guerre-Delabriere
defined weakly contractive maps and gave theorems in uniformly smooth and uniformly convex
Banach spaces. Then in 2001 Rhoades extended some theorems of their work to arbitrary
Banach spaces for weakly contractions. In this paper the notion of weakly contractive maps
on n-Normed spaces are presented. Also some fixed point theorems for weak contractive maps
are proved. Thus, we will provide a source for new studies related to weak contractions in
n-normed spaces.

1. INTRODUCTION AND PRELIMINARIES
We will give some definitions and results in n-normed spaces.

Definition 1.1. ([3]) Let n € N and E be a real vector space of dimension d > n. A real valued

function ||., ..., .|| on E™ satisfying the following
nl)||z1, ..., x,|| = 0 if and only if x4, ..., x, are linearly dependent ;
n2)||x1, ..., x,| is invariant under permutation; (1)
n3)||x1, .oy Tne1, cxp|| = |c|||T1, ooy Tno1, TRl|| for all c € R;
nd) ||z, oy X1,y + 2|| < |21,y s T, Yl + |21, o 0, 2,
is called n-norm on E and the pair (E,||.,...,.||) is called n-normed space.
Definition 1.2. ([3]) A sequence {x,} in a n-normed space (E,||.,...,.||) is said to be a Cauchy
sequence if iy, neo ||Tn — Tm, Tay ooy Tp|| = 0 for all xq, ..., x, € E.
Definition 1.3. ([3]) A sequence {z,} in a n-normed space (E.,||., ..., .||) is said to be convergent
if there is a point x in E such that lim, ., ||x, — 2,29, ..., z,|| = 0 for all zo,...,x, € E. If

{z,} converges to x then, we write x,, — x as n — oco.

Definition 1.4. ([3]) A linear n-normed space is said to be complete if every Cauchy sequence
1s convergent to an element of E. A complete n-normed space E is called n-Banach space.

Definition 1.5. ([4]) Let (E,||.,...,.||) be a linear n-normed space, B be a nonempty subset of
E and e € B then B is said to be e-bounded if there exist some M > 0 such that |le, ..., z,|| < M
for all xo,...,x, € B. If for all e € B, B s e-bounded then B is called a bounded set.

2. MAIN RESULTS

Firstly, since each normed space produces a metric space and metric spaces are first countable
topologic spaces the following definition can be given.
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Definition 2.1. Let (E || «-|]) be a linear n-normed space, K be a subset of E then the
closure of K is K = {z . there is a sequence x,, of K such that x, — x}. We say, K is
closed if K = K.
Definition 2.2. Let (E,||.,...,.||) be a n-Banach space, K a closed convezr subset of E. T :
K — K is called weakly contractive if for all x,y,xs, x3,...,2, € K,

(T2 = Ty, 22, .o, x| < |2 =y, 22, s 2l | = V(|2 =y, 22, s ) (2)
where ¢ : [0,00) — [0,00) is continuous and nondecreasing mapping such that ¥ (0) = 0,

P(t) >0 for allt > 0 and lim,,_,, ¥(t) = co. If K is bounded, then the infinity condition is not
necessary.

Lemma 2.1. FEvery weakly contractive map is continuous.

Proof. Let (E,||.,...,.||) be a n-Banach space, K a closed convex subset of ' and T': K — K is
weakly contractive map. Since each normed space produces a metric space and metric spaces
are first countable topologic spaces, it is enough to show that T is sequentially continuous. So,
assume that {a,} is a sequence in K and {a,} — a € K that means ||a, — a,z2,...,z,|| = 0
as n — 0o, then

|Ta, —Ta,xq,...;x,|| <|lan — a,x2, ..., z,|| — U(||an — a, 22, ..., z,||) (3)
< ||an — a, z2, ..., z,|| = 0(n — 00).

Hence, {Ta,} — Ta € K (since K is a closed subset of F).
U

Theorem 2.1. Let (E,||.,...,.||) be a n-Banach space and K be a closed and bounded subspace
of E. Assume that selfmap T : K — K is a weakly contractive mapping. Then, T has a unique
fixed point in K.

Proof. Let by € K and define b,,,1 = Tb,, for all m € N. Since selfmap T : K — K is a weakly
contractive mapping, using (2);

HT Tbm+l>$27-'-7an
Hb m+1,$2,,$n”—w(”bm—bm+1,x2,,iL‘nH) (4)
Hb _bm+17x27-~-7$nH-

Hbm-i-l - bm+27 T2, .., ilan

IAIA

Therefore {||b,, —bmi1, T2, ..., Tn||} is nonnegative nonincreasing sequence, and hence has a limit
a > 0. Assume that a > 0. Since v is nondecreasing, ¥ (||by, — bpmi1, T2y ..y Tn||) > W(a) > 0
and then from (4),

||bm+1 - bm+27x27 '-')an S ||bm - bm+1,ZL‘2, 7xn|| - ¢(a) (5)

Thus, ||bmsn — bmanits T2y oo Tol| < ||bn — bing1, T2, -y xa|| — Nib(a), this is a contradiction
for N large enough. And so, a = 0. Now, using this fact, we shall show {b,,} is a Cauchy
sequence. Assume that ¢ > 0 is arbitrary. Then, we shall choose N(¢) is such that ||by —
bni1, T2, ..., y|| < min{5,4(5)} for N large enough. Hence, it is enough to show that if
||z — by, 22, ..., x,|| < e then ||[Tx — by, xg, ..., x,|| < € for this arbitrary € > 0 and N(¢) is such
that ||bN — bN+1,$2, ,.Z‘n|| < min{z, (E)} Indeed,

Case 1: If ||z — by, 22, ..., 75|| < §, then

|Tx — by, 2, ..., xn|| < ||Tx —Thy,za, ..., xp|| + || Ty — by, X2, ..., T4
|z — b, @2, ooy o[ — Y([|lz = by, 2oy s o) + (b1 — O, T2, o

sts=¢ 311
(6)
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Case 2: If § < ||z — by, 22, ..., 5[] <&, then ¥(5) < (||l — by, 72, ..., 2,]|) and

HT[E — bN,QTg, ,{EnH < HT{E — TbN,Q?g, ,ilj’nH + HTbN - bN,[Eg, ...,anH
< H.Z' - warQa -'-7$nH - w(Hf’E - bNax27 7an) + HbN+1 - bNax% wrnH
< H:L‘ - bNax% 7xn” - w(%) =+ w@)
<e.
(7)
Thus, for all ¢ > 0 there exists N = N(¢) € N such that ||b,, — by, xa, ..., 2,|| < e, for all
m > N. Thus, {b,} is a Cauchy sequence in K. Since K is a closed and bounded subset of
n-Banach space E, {b,,} converges to b in K. Also the continuity of T', we obtain
Tb= lim Thy, = lim by = b. (8)
m—r00

m—0o0

Therefore T has a fixed point in K. Now the uniqueness of fixed point shall be proved. As-
sume that a* € K is the another fixed point of T'. Using the definition of weakly contractiveness
of T and the property of ¢ ( that is ¢ (t) > 0 for t > 0),

la—a*, za, ..., x,|| = |Ta=Ta", xa, ..., z,|| < la—a*, za, ..., z,||—U(la—a", za, ..., x,]|) < |a—a™, xa, ..., x,]|
(9)

This implies |a — a*, xo,...,z,|| = 0 and thus we get a = a* in K. So, the fixed point is

unique. 0

Corollary 2.1. Let (E,||.,...,.||) be a n-Banach space and K be a closed and bounded subspace

of E. Assume that there exists k € [0,1) to provide the selfmap T : K — K 1is satisfying the
following inequality,

’|T$—Ty,l‘2,...,l'nH < kH:E_yvm%-"aan (10)
for all x,y, x9,23,...,x, € K,. Then, T has a unique fized point in K.

Proof. If we choose ¢ : [0,00) — [0,00),%(z) = (1 — k)x for using k € [0,1), then ¢ is
continuous and nondecreasing mapping such that 1 (0) = 0, ¢(¢) > 0 for all ¢ > 0. Thus, the
all hypothesis of Theorem 2.1 are satisfied and so 1" has a unique fixed point in K. 0

REFERENCES

[1] Alber, Y. Land Guerre-Delabriere, S., Principle of weakly contractive maps in Hilbert spaces. In New
Results in Operator Theory and Its Applications, 1997 (pp. 7-22). Birkhuser, Basel.

[2] Ghler, S., Lineare 2-normierte Rume. Mathematische Nachrichten,1964 28(1-2), 1-43.

[3] Gunawan, H.and Mashadi, M., On n-normed spaces. International Journal of Mathematics and Mathe-
matical Sciences, 27(10),2001, 631-639.

[4] Kir, M. and Kiziltune, H., On fixed point theorems for contraction mappings in n-normed spaces. Appl.
Math. Inf. Lett, 2,2014, 59-64.

[5] Misiak, A., n-inner product spaces. Mathematische Nachrichten, 140(1), 1989, 299-319.

[6] Rhoades, B. E., Some theorems on weakly contractive maps. Nonlinear Analysis, 4(47), 2001, 2683-2693.

NURCAN BILGILI GUNGOR,

1)AMASYA UNIVERSITY,

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, 05100, IPEKKOY, AMASYA, TURKEY
E-mail address: bilgilinurcan@gmail.com, nurcan.bilgili@amasya.edu.tr

312


mailto:bilgilinurcan@gmail.com, nurcan.bilgili@amasya.edu.tr



